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Abstract
Mass- and wave function renormalization is calculated to order p4 in heavy
baryon chiral perturbation theory. Two different schemes used in the literature are
considered. Several technical issues like field redefinitions, non-transformation of
sources as well as subtleties related to the definition of the baryon propagator are
discussed. The nucleon axial-vector coupling constant gA is calculated to order p4
as an illustrative example.
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1. Heavy baryon chiral perturbation theory (HBChPT) [1, 2] allows for a systematic
low energy expansion of one-nucleon Green functions. However, the matrix elements
calculated in HBChPT are frame dependent. In order to obtain Lorentz invariant S-
matrix elements, the fully relativistic nucleon propagator has to be worked out too. [3]
So-called heavy nucleon sources cannot be neglected but yield non-trivial contributions
to the nucleon wave function renormalization ZN already at order p
3.
In this article we extend the work of ref. [3] to order p4. Mass and wave function
renormalization { a prerequisite for any p4 calculation [4],[5] { is thus determined to this
order. Two HBChPT lagrangians widely used in the literature are considered. These are
the Lagrangian given in [2, 6] (called BKKM hereafter) and the form appearing in [7]
(called EM). The dierence consists in the absence of equation of motion (EOM) terms in
EM, which have been eliminated by nucleon eld redenitions. While the corresponding
dierences in ZN have been discussed to order p
3 in [3], several additional issues enter
when going beyond this chiral order. 1 In particular, a new EOM-transformation at the
level of the relativistic Lagrangian is introduced which allows for a direct and elegant
evaluation of ZN. We also comment on the non-transformation of nucleon sources. Our
results are tested for consistency by calculating the nucleon axial-vector coupling constant
gA to order p
4 in the two schemes considered.




[dudΨdΨ] expfi( ~SM + SMB +
∫
d4x(Ψ + Ψ))g : (1)
j; ;  denote the sources of mesonic and baryonic elds, respectively. ~SM is the mesonic
action { the tilde reminds us of the nucleon degrees of freedom having not been integrated
out { and SMB is the action corresponding to the pion nucleon Lagrangian [8]
LpiN = Ψ(i 6r −m + _gA
2
6uγ5)Ψ + : : : ; (2)
where m and _gA denote the nucleon mass and axial-vector decay constant in the chiral
limit, respectively. The ellipsis in (2) stand for higher order terms.
A systematic low energy expansion is obtained by the frame dependent decomposition
of the nucleon eld
Ψ(x) = e−imvx(Nv + Hv)(x) (3)
with v being a unit time-like four-vector and
P +v Nv = Nv; P
−





(1 6v) : (4)
1Wave function renormalization to order p4 in the BKKM case was treated recently in [9]. The
emphasis in this article is on different aspects than in the present work.
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In terms of these elds the pion-nucleon eective action may be rewritten as
SMB =
∫
d4xf NvANv + HvBNv + Nvγ0Byγ0Hv − HvCHvg : (5)
Introducing sources corresponding to Nv; Hv
 = eimvxP+v ; R = e
imvxP−v ; (6)
the heavy components Hv can be integrated out, [10, 2, 11] yielding
eiZ[j,η,η¯] = N 0
∫
[dudNvd Nv] expfi( ~SM +
∫
d4x[ Nv ~ANv (7)
+ Nvγ0B
yγ0C−1R + RC−1BNv + Nv + Nv + RC−1R])g
with
~A = A + γ0B
yγ0C−1B : (8)
Finally, expanding C−1 in a power series in 1=m and integrating over Nv yields the
functional




ZMB[u; j; ; ] = −
∫
d4x[( + RC−1B) ~A−1( + γ0Byγ0C−1R)− RC−1R] : (10)
Any relativistic Green function is obtained from the functional (9) by taking derivatives
with respect to appropriate sources. The simplest example of this kind is the two-point
function of nucleon elds, which leads to a proper denition of the nucleon mass and wave
function renormalization. For more details we refer the reader to ref. [3].
The matrices A,B,C occurring in (10) correspond to the eective action (5). Explicit
expressions for these have appeared rst in [2], and we therefore call this set of operators
BKKM. An other form of the eective heavy baryon Lagrangian was introduced in [7]. It
was shown that so-called equation of motion terms in ~A can be eliminated by a redenition
of the \light component eld" Nv. However, in ref. [7] the eect of such eld redenitions
was studied on the level of the eective Lagrangian. The wave function renormalization,
on the other hand, depends also on the operators B and C. What is the eect the EOM-
transformations entail on B,C and hence on ZN?
In order to answer this question we re-investigate the nucleon eld redenitions on
the level of the generating functional. We propose a variant of the EOM-transformations
employed in [7], performed on the relativistic nucleon elds Ψ. Since the formalism of [3]
emphasizes the relativistic nature of the problem, this seems to be more natural. We thus
consider the eld transformations
Ψ = (1 + e−imvxTeimvx)Ψ0 (11)
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with















The exponential factors in (11) are introduced such that possible derivatives in T act on
Nv once the heavy baryon variables are introduced. The decomposition (12) is useful in
order to separate the +/{ sectors of the theory.
The same steps as performed in Eqs. (1)-(10) can be carried through provided we set
T+− = T−+ = 0: (13)
The generating functional then assumes the form (9), (10) 2 but with the replacements
A! A0 = P+v (1 + γ0T y++γ0)P +v AP+v (1 + T++)P +v
B ! B0 = P−v (1 + γ0T y−−γ0)P−v BP+v (1 + T++)P +v (14)
C ! C 0 = P−v (1 + γ0T y−−γ0)P−v CP−v (1 + T−−)P−v
as well as
! 0 = P+v (1 + γ0T y++γ0)P +v 
R! R0 = P−v (1 + γ0T y−−γ0)P−v R : (15)
Setting T−− = 0 and choosing T++ in accordance with the explicit expression given in [7],
we recover the case where the EOM-transformations are performed on the elds Nv, cf [7].
The EOM-terms in the eective heavy baryon Lagrangian ~A0 = ~AEM are then absent, by
construction. However, according to (14) the matrix operator B is also changed. Explicit
calculations reveal that the dierence shows up rst at O(p4).
Consider now the EOM-transformations for general T−−. We still have ~A0 = ~AEM, i.e.
the eective Lagrangian for the light component elds N 0v is the same. The T−− part of
the transformation (11) therefore can be used to bring the factors C 0−1B0 in (10) to a
convenient form. The point here is that the last term in (10), R0C 0−1R0, does not exhibit
poles and thus yields no contribution to S-matrix elements.
What is a convenient choice for T−−? In order to understand this question we have to
add one further element to the discussion. We choose T−− such that the dressed nucleon
propagator has standard form, i.e.
SN(p) =
A(p2) 6p + B(p2)mN
p2 −m2N
: (16)
In general this need not to be true. In the present application, there is an other four-
vector at our disposal, namely vµ. The numerator of (16) may then contain also a term
of the form C(p2) 6 v. This actually happens if we use the EOM-transformations (11)
2The Jacobian associated with change of variables (11) can be shown to yield no contribution to
S-matrix elements.
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with (13) and T−− = 0 | the problem shows up rst at order p4. In this situation, one
has to nd the eigenvectors and corresponding eigenvalues of the dressed propagator in
order to properly dene the appropriate factors for external legs. [12] This problem can
be circumvented by exploiting the freedom to choose T−−, at least to order p4. The point
is that only the eld independent part of the critical term C−1B is needed. Choosing
T−− = T++ (17)
obviously yields
C 0−1B0 = C−1B + eld dependent terms : (18)
Explicit calculations then show that the dressed propagator to O(p4) has standard form,
hence the wave function renormalization can be calculated as in [3] (cf sect. 4). We
conclude that aside from the redenition of sources, the EOM-transformation (11) to-
gether with (13),(17) leads to a generating functional (9) with eective N Lagrangian
as constructed in [7] but is otherwise unchanged compared to the BKKM case.
Finally we would like to comment on the signicance of transformed sources appearing
in (15). The two-point function of nucleon elds, for instance, is obtained by taking func-
tional derivatives of the generating functional with respect to the sources ,. However,
after applying the EOM-transformation the generating functional is written in terms of
transformed sources 0, R0 or, equivalently, in terms of 0 with
0 =  ;












The wave function renormalization as well as any Green function with two nucleon and
arbitrary number of mesonic legs is therefore multiplied with additional factors y.
When calculating S-matrix elements, these factors will be cancelled, however, because
the Green function has to be multiplied with two inverse nucleon propagators. 3 The
conclusion is that S-matrix elements are independent of the choice of sources. For practical
purposes it is more convenient to use the transformed sources 0,0 for in this case the
factor  in (19) and its functional average is not needed explicitly. We shall follow this
prescription when calculating ZN to O(p4) below.
3. Here we recollect all the terms of the eective N-Lagrangian needed for the complete
one-loop renormalization of the nucleon mass, wave function and axial-vector coupling
constant gA. The relevant terms of the eective -Lagrangian are well known [13].
The leading order relativistic N-Lagrangian was given in (2). Higher order terms,
corresponding to ellipses in (2), are
3This intuitive argument can be put on a more rigorous footing by considering in detail the generating






(huµuνirµrν + h.c.) + c3
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where we have displayed only those terms contributing to our calculations. The LECs ci
as well as b and d are nite. Innite parts of the 3rd and 4th order LECs (needed for can-
cellation of loop innities) are added explicitly in the heavy baryon eective Lagrangian.
b and d are then renormalized LECs with renormalization scale equal to the pion mass.





(v  r)2 − 1
2m
r  r − i _gA
2m















































where only the nite part of the Lagrangian was displayed. For innite terms see [11] and
[14].
As already mentioned, this eective Lagrangian can be simplied considerably by the
EOM-transformations, leading to the EM version of the HBChPT eective Lagrangian.








r  r − i _gA
2








L̂(3)EM = b̂(4piF )2 Nvh+iS  u Nv L̂(4)EM = d̂m(4piF )2 Nvh+i2Nv : (26)









mc2 − 18 _g2A;
a3 = mc1 and a5 = mc4 +
1
4
(1− _g2A). The LECs b̂ and d̂ are divergent









































D − 4 −
1
2
[ln 4 + 1 + Γ0(1)]
}
: (29)
4. Nucleon mass and wave-function renormalization are determined by the nucleon self
energy. In the EM framework the one-loop (Fig. 1) and tree graph contributions are
given by









































k is the nucleon residual momentum dened by p = m  v + k; J2(!),  are standard
one-loop integrals explicitly given in e.g. [15] and ! = v  k.
To extract the nucleon mass and wave function renormalization, one has to nd the
position and the residue of the pole of the nucleon propagator. Surprisingly, this proce-
dure is not as straightforward as one might expect and has become the subject of some
discussions recently [3, 9]. The problem can be traced back to two simple facts: there are
two propagators, the relativistic and the heavy baryon propagator. Moreover, the self-




















Figure 1: One-loop diagrams contributing to the nucleon self-energy. Full circles are
second order vertices.
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object to study is of course the relativistic propagator in the variable p2 | HBChPT is,
after all, just a particular way of organizing the perturbation series of the full relativistic
theory. However, it requires some algebra to see that HBChPT calculations lead to the
relativistic propagator.
First, we rewrite the full HBChPT propagator as a function of the variable p2. To
achieve this, we make use of the fact that the nucleon self-energy contains (both in BKKM
and EM versions) the term − 1
2m
(k2 + 8M2a3). We can therefore write
i
! −  
i
Ω− rest ; (33)
where










p2 −m2 + 8M2a3
)
: (34)
The next step is to trade ! for Ω also in loop. The crucial point here is that whenever a







at higher order as well (explicit results (32) and (50) provide particular illustrations of
this fact). The technical reason is that insertion of the second order counter term into
the nucleon propagator inside the loop always contains 1
2m
(k2 + 8M2a3); the square of
the propagator which enters due to this insertion can then be written as the derivative of




















+ : : : (35)
and the fact that the dierence between ! and Ω is one order higher than the omegas

































Now one expands EMloop (Ω) around the so-far unknown pole position Ωp
! − EM = Ω + M
4d̂
2F 2m
− EMloop (Ωp)− 0EMloop (Ωp) (Ω− Ωp) + : : : (37)







Consequently, EMloop(Ωp) = 
EM
loop (0)+O(p5) and similarly for 0EMloop(Ωp). One can therefore
write
7
i! − EM =
i2mẐ
p2 −m2N
+ : : : (39)
with
m2N = m
2 − 8M2a3 − 2M
4d̂
2F 2
+ 2mEMloop (0) +O(p5); Ẑ = 1 + 0EMloop(0) +O(p4) : (40)
More explicitly we have






































Up to now we were dealing with the HBChPT nucleon propagator rather then the
full relativistic one, i.e. in the notation of [3] we have considered only S++. The full
































































P−v + : : :
where ellipses stand for terms not contributing up to the fourth order and ? denotes
perpendicular to v; i.e. X? = X − v(v X). Using the simple relation X?Pv = Pv X?



















At this point we could continue as in [3] and write p = pN +  r, where pN is the
on-shell nucleon momentum and r is an arbitrary four-vector introduced to control the
on-shell limit. 4 Here we employ another method, which appears to be even simpler. We
4We emphasize that in [3] a special choice r = v was used in the calculations, but one can check
explicitly that for (45) the on-shell limit is independent of r.
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use yet another decomposition of the nucleon momentum, p = mN  v + Q. This implies
6 p + mN = 2mNP+v + 6Q. Moreover, on the mass shell one has 2mNv  Q + Q2 = 0, i.e.
v Q = O(p2), and therefore in the vicinity of the pole
SN = S++
{ 6p + mN
2mN


















{ 6p + mN
2mN
− 6v v Q
2mN



























) + : : : (47)
The dots correspond to higher orders and/or to terms vanishing at the pole.
We have arrived at the full relativistic nucleon propagator in the form of the bare one,
but with the bare mass replaced by the physical one, and with an overall multiplicative
factor, which is nothing else but ZEMN :



























where the subscript \n" stands for the nite part of the tree contribution and we refrain
from giving explicitly the lengthy expression for the innite part. The loop graph contri-





To proceed in analogy with the EM case one should rewrite BKKM as a function of
Ω. However, in BKKMtree,fin it is impossible to get rid of ! completely. A simple trick to





by (1 + ω
2m
)−1 +O(p3), yielding





















From now on one can proceed as in the EM case. One obtains again (39) with mN























The terms in proportion to ln M
µ
and L() in (52) come from innite EOM terms in the
BKKM Lagrangian (not displayed explicitly in (23) ). The two multiplicative factors on










This result agrees with the ndings of [9]. 5
5. We calculate the nucleon axial-vector coupling constant gA to O(p4). gA receives
contributions from both, tree and one-loop graphs. Moreover, at the order we are working,
the wave function renormalization enters too. Working out gA for the two Lagrangians
considered thus provides a consistency check on our results for ZN.
In the heavy baryon formalism, the matrix element of the iso-vector axial-vector cur-

























Concentrating on gA = GA(0) we put t = 0. Furthermore, we need only that part of the
the form factor in proportion to Sµ. In particular, pion-pole diagrams are  qµ and need
not to be considered.
The relevant one-loop diagrams are those of Fig. 1 with axial source hooked on in
all possible places. Since the Lagrangians of EM and BKKM are dierent, individual






































In the BKKM case, there are additional loop-contributions due to the EOM-terms in
L̂(2)BKKM, cf Eq. (22). Moreover, this Lagrangian is written in terms of coupling constants
ci. This yields the dierence






5The result for ZBKKMN seems to be at variance with [3]. However, as explained in the Erratum [3],
the third order BKKM Lagrangian in [3] is not equivalent to our Eq. (23).
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The tree graph contribution is obtained from (23),(26), (27) and [11], yielding





gtree, BKKMA − gtree, EMA =
4M2
m2












Applying wave function renormalization nally yields a third piece





with ZEMN given in (48). The dierence between the two schemes here reads



















We observe that the dierences in Eqs. (56),(58) and (60) exactly cancel. Although
dierent at intermediate steps, the nal results for gA agree with each other. This is the
consistency check announced above.
We close this section by giving gA to one-loop. Renormalizing the O(p3) coupling
constant b̂ according to (27) we nd














6. We have calculated mass- and wave function renormalization to O(p4) in heavy baryon
chiral perturbation theory. Two Lagrangians widely used in the literature have been
considered. These are the Lagrangian given in [2, 6] and the form appearing in [7]. In the
latter case, the Lagrangian is simpler because so-called EOM-terms have been eliminated
by nucleon eld redenitions. However, wave function renormalization is more involved
due to subtleties arising in conjunction with the eld redenitions. We have proposed a
new EOM-eld transformation, performed on the relativistic nucleon elds. This yields
the eective heavy baryon Lagrangian given in [7] but also allows for a simple and elegant
evaluation of ZN. We have checked our results by calculating the nucleon axial-vector
coupling constant gA to order p
4 in the two schemes considered. Although dierent at
intermediate steps, the nal result is the same.
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